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Fast Fourier Transform!
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n—+ 1 points of C.
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Fast Fourier Transform!

Lemma
Any n degree polynomial is uniquely determined by its value on

n—+ 1 points of C.

Fact

Any n degree polynomial, which is not the 0 polynomial, has at
most n zeros in C.

Proof.

Suppose f # g are n degree polynomials, which agree on

ag,...an € C, then (f — g)(a;) =0 for all i. Thus, f — g =0 by
the fact above, and f = g, a contradiction. O

!Based on Prof. Quanrud’s lecture notes



Fast Fourier Transform

Motivation
Suppose we have two n — 1 degree polynomials f, g, and we want

to compute f - g. If we know f and g on 2n points, a; ... ax,, then
by the previous lemma, we can determine f - g by f(a;) - g(a;).
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Fast Fourier Transform

Motivation
Suppose we have two n — 1 degree polynomials f, g, and we want

to compute f - g. If we know f and g on 2n points, a; ... ax,, then
by the previous lemma, we can determine f - g by f(a;) - g(a;).
Question

What points should we use?

Most natural is the roots of unity wf;,, which are the elements such
that (/)" = 1. For example 1 is always a root of unity, and —1

is if n’ is even.

Additionally, we have wih = e2mii/n by Euler's formula



Fast Fourier Transform

The nth discrete Fourier transform (for n as a power of 2) takes a
polynomial p(x) = ag + a1x + - -+ + a,_1x""1, and returns
(p(1), p(wn), p(w?), ..., p(wi~1)), we denote this as Fpp.

Exploiting the fact that w3 = w, (why?) we can build a recursive

algorithm for computing the nth discrete Fourier transform.
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Fast Fourier Transform

(FanP)k = a0 + a1wh, + a(why)? + -+ + a2n_1(why)?"

= (a0 + aa(w3n)? + -+ + a2n-2(w5,)>"?)

+ (w3, + a3(w5n)® + -+ + a2p-1(w3,)*" )
= (a0 + awX + - + app_a(wk)" 1)

+ win(a1 + azwp + -+ + a20-2(wp)" )
= (FnPeven)k mod n + Whn(FnPodd)k mod n

This can be implemented as a recursive divide and conquer
algorithm.

Question
What's the runtime?

T(n) =2T(n/2)+ O(n), O(nlog n)



Inverse Fourier Transform

Now that we have calculated the Fourier transform, we want some
way to recover the original polynomial, i.e. we want to find the
inverse of a Fourier transform.



Inverse Fourier Transform

Now that we have calculated the Fourier transform, we want some
way to recover the original polynomial, i.e. we want to find the
inverse of a Fourier transform.
Definition

_ =il 2 l—
Let Fr;kp - (p(l)vp(wn )ap(wn )? e 7p(wn n))
Note that as wk = w"tk, these are the same values we have
already calculated in the Fourier transform.

Fact
Forallae C", FF,p=np



Inverse Fourier Transform

Lemma
For alla€ C" F}Fpa = na

Proof.

n—1 n—-1 /n—1
(FyFra)y = > (Faa)j(wy "y = ( ak(aﬂ;)k) (wp "y

j=0 Jj=0
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Inverse Fourier Transform

Lemma
For alla€ C" F}Fpa = na

Proof.

n—1 . n—-1 /n—1 . .
(FaFna)h =) (Faa)i(w,"y = ( ak(w’n)k> (wr "

n—1 n—1
k—h
=D ) (w7
k=0  j=0
n—1 n—1 n—1
) 1 (wkfh)n
k—h
—”ah"‘zak Z(wn Y _nah“‘zak =
k#h  j=0 k#h -
= nap



Putting it together

Theorem
For any two polynomials f, g of degree at most n, we can calculate

the f - g in nlogn time. Letr=f -g



Putting it together

Theorem
For any two polynomials f, g of degree at most n, we can calculate

the f - g in nlogn time. Letr=f -g

O(nlogn) O(nlogn)

O *
(Fanf, F2ng) (n) Fonr F3Fonr =2n-r

(f.g)

Note this general idea is used to get a multiplication algorithm
that takes O(nlog nloglog n) time.



FFT Problems

Problem
Suppose you have two sets of positive integers, X,Y whose

elements are between 0 and M for some fixed M. Design and
analyze an O(Mlog M) algorithm to compute the unique sums of
X, Y, that is all z such that z = x + y for exactly one pair of
(x,y) e X xY.

Problem
Design an algorithm, as fast a possible, to multiply n degree-1
polynomials:

a1 + bix,a> + box,...,an + bpx

10



